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R n : δ i−1 ≤ v T X < δ i }, with i = 2, . . . , η − 1, P 1 = {X ∈ R n : v T X < δ 1 },
114
and P η = {X ∈ R n : δ η−1 ≤ v T X }. We call the hyperplanes v T X = δ i
115
(i = 1, . . . , η − 1) the switching surfaces. Without loss of generality, we assume 116 that the hyperplanes v T X = δ i (for i = 1, 2, . . . , η − 1) are defined with v =
117
(1, 0, . . . , 0) T ∈ R n .
118
In this paper we consider a piecewise linear system (T, P), such that its 
is called a switching signal. Furthermore, if κ(X ) = τ i ∈ I is the value 126 of the switching signal during the time interval t ∈ [t i , t i+1 ), then S(X 0 ) = 127 {τ 0 , τ 1 , . . . , τ m , . . .} gives the itinerary generated by κ(X 0 ) at X 0 and, S(i, X 0 ) 128 is the element τ i ∈ S(X 0 ) that occurs at time t i , this defines a set of switching 129 times ∆ t = {t 0 , t 1 , . . . , t m , . . .}.
130
Note that τ changes only when the orbit φ(t, χ 0 ) goes from one atom P i to 131 another P j , i = j. . . , β τ n ) T ∈ R n ; and a switching signal κ : R n → I = {1, 2, . . . , η} so that:
. . . . . .
We can rewrite (3) in a more compact form as: an unstable dissipative system (UDS) [15] 
154
To each τ ∈ I is associated an atom P τ ⊂ R n , containing an equilib-155 rium point χ * τ = −A −1 B τ which has a one-dimensional stable manifold E s =
156
Span{v j ∈ R 3 : α j < 0} and a two-dimensional unstable manifold E u = Span{v j ∈ R 3 : α j > 0}, withv j an eigenvector of the linear operator A and 158 λ j = α j + iβ j its corresponding eigenvalue; i.e. it is a saddle equilibrium point.
159
We are interested in bounded flows which are generated by quasi-symmetrical 160 η-PWL systems such that for any initial condition X 0 ∈ R 3 , the orbit φ(t, χ 0 )
161
of the η-PWL system (4) limits to a one-spiral trajectory in the atom P τ called 162 a scroll. The orbit escapes from one atom to other due to the unstable mani-
163
fold in each atom. In this context, the system η-PWL (4) can display various 
167
Definition 3.2. The scroll-degree of a η-PWL system (4) based on UDS Type
168
I is the maximum number of scrolls that the PWL system can display in the 169 attractor.
170
In this work we consider the same linear operator A, so A τ = A for all τ .
171
An easy approach to generate a one dimensional grid multiscroll attractor via a
172
PWL system based on UDS type I form is by defining a double-scroll attractor 
where α 31 , α 32 and α 33 satisfy the UDS type I conditions, i.e., λ 1 ∈ R, and λ 2 , λ 3 ∈ C such that the absolute value of the imaginary part is greater Figure 2 : Projection of the attractor generated by the quasi-symmetrical 10-PWL(S) system onto the (x 1 , x 2 ) plane. The dashed lines mark the division between the atoms. 
where α 31 = 1.5, α 32 = 1 and α 33 = 1; the set of constants vectors
and the partition: The trajectory X (t) of the PWL system can be calculated by X i (t) = e At X i 0 in each atom P i , where X i = X + X * i and X i 0 is the initial condition when the trajectory enter to the atom P i , i = 1, . . . , 10. Then
where P is the invertible matrix defined by the eigenvector of A and
4 Symbolic dynamics of trajectories of a pair of 229 coupled PWL systems
230
Consider a pair of quasi-symmetrical η-PWL systems defined by (4), i.e., they
231
have different scroll-degrees. They are coupled in a Master-Slave configuration 232 as follows.
where respectively. The corresponding time sets are given by ∆ tm = {t 0 , t 1 , . . .} and
241
∆ ts = {t 0 , t 1 , . . .}. We take the constant matrix Γ = diag{r 1 , r 2 , r 3 } ∈ R 3×3 242 to be the inner linking matrix where r l = 1 (for l = 1, 2, 3) if both master and 243 slave systems are linked through their l-th state variable, and r l = 0 otherwise.
244
The parameter 0 < c ∈ R is the coupling strength.
245
There are several definitions of synchronization [16, 18] , for instance, com-246 plete synchronization is given as follows:
247
Definition 4.1. The master-slave system (4) is said to achieve complete synchro-
for all initial conditions, X m0 and X s0 .
250
The symbol || · || denotes the Euclidean distance in R 3 . This mode of syn- of F will depend upon the application in mind. Given such a transformation,
255
Generalized Synchronization is defined as follows.
256
Definition 4.2. The master-slave system (4) is said to achieve generalized syn-
for all X m0 and X s0 where F is the given transformation from the trajectories 259 of the attractor in D m space to the trajectories in D s space.
260
It has been reported in [12] increases its scroll-degree till it matches the master's scroll-degree.
268
In order to illustrate the dynamical behavior of the master-slave system, 
And for the slave system the function κ s :
Using Runge-Kutta with 200000 time iterations and a step-size of h = 0.01,
279
we numerically solve the system (8) . Firstly, we analyze the particular case have different scroll-degrees, even though they start at the same initial condition.
291
The itineraries S m (χ m0 ) and S s (χ s0 ) are given by the dynamics of the master 
306
It is worthwhile to observe that the slave system reduces its scroll-degree to 307 three and, depending on the initial condition, it evolves between distinct basins 308 of attraction and multistability appears. We plot in gray the trajectory of the 309 slave system when it is not coupled with the master system in order to compare 310 it when it is coupled, see Figure 4 c), e) and g).
311
Notice that the itinerary of the master system S m (χ m0 ) generated by κ m : R 3 → I m = {8, 9, 10} remains, however the itinerary of the slave system S m (χ m0 ) generated by κ s : R 3 → I s is determined by its initial condition, for instance, the itinerary takes different values according to the atom where the initial condition belongs χ s0 ∈ P i , for i = 3, . . . , 10. Now the itinerary of the slave system is restricted to take a subset of the index set I s , i.e., I s (χ s0 ) ⊂ I s which will be called restricted index set. This is because the number of scrolls that the slave system coupled with c = 10 displays less scrolls that when it is not coupled. Thus the restricted index sets have different cardinality that is determined by the initial condition χ s0 ∈ P i , for i = 3, . . . , 10. So for these three initial conditions there are three different restricted index sets given as follows:
The cardinality of the index set I m , and the restricted index sets I s (χ s01 ),
312
I s (χ s02 ) and I s (χ s03 ) are 3, 4, 5, and 4, respectively.
313
There is a problem if we want to detect similar behaviour under the presence 314 of multistability . The inconvenience is resolved by means of defining a new 315 itinerary based on the trajectory of the systems instead of the dynamics.
316
Let I B = {# 1 , . . . , # n } be an index set that labels each element of a partition P φ = {P 1 , . . . , P n } of the basin of attraction of a dynamical system with flow φ. A function κ : R n → I B of the form
. . .
generates an itinerary of the trajectory. If κ(φ(χ 0 )) = s i ∈ I B during the time
. .} stands for the itinerary of 318 the trajectory φ(χ 0 ).
319
In our setting in order to describe appropriately the flows of a master-320 slave system via symbolic dynamics it is necessary to consider additional atoms 321 P −n , . . . , P 0 , and P η+1 , . . . , P N at the 'ends' of the contiguous partition atoms 322 to account for exits and returns to P 1 and P η , respectively, to the partition sequence of symbols corresponding to the successive partition elements visited
326
by the trajectory during a certain period of time.
327
We are interested when the trajectories oscillate in the attractor, so it is 328 enough to consider a new partition with two atoms P 0 and P η+1 next to the 329 atoms P 1 and P η , i.e., P φ = {P 0 , P 1 , P 2 , . . . , P η , P η+1 }. So the partition P φ has 330 been obtained by adding two atoms P 0 and P η+1 to the partition P as follows:
331
The atoms P i ∈ P φ , for i = 2, . . . , η − 1, are the same that the atoms P i ∈ 332 P, for i = 2, . . . , η − 1. These atoms are given by the switching surfaces
334
The atoms P 1 , P η ∈ P φ are given by
336
The atoms P 0 and P η+1 are given by fulfilling
337
For simplicity we generate a new partition P φ = {P 2 , P 3 , . . . , P 10 , P 11 } based 338 on the partition P = {P 3 , . . . , P 10 } which was considered by equation (12),
339
because the flow φ(χ 0 ) ⊂ P φ and the index sets present the same cardinality.
340
The partition P φ is given as follows: And for the master index set:
The cardinality of all of the index set and restricted index sets I m , I s (χ s01 ),
354
I s (χ s02 ) and I s (χ s03 ) is 5. atoms to make the restricted index sets I s01 and I s02 be equal to I s03 , then all 377 the constant offsets k 1 , k 2 and k 3 will be zero. 
for all initial conditions X m0 and X s0 in the basin of attraction. T , and d) its itinerary Ss(Xso1) after it was relabeled. e) χs02 = (3.5, 0.48, −0.29)
T and f) its itinerary Ss(Xs02) after it was relabeled. g) χs03 = (5.3, 0.48, −0.29)
T and h) its itinerary Ss(Xs03) without being relabeled.
The definition of itinerary synchronization is meant to capture the idea that for the master system and slave system since the trajectories of the master and 390 slave system will visit the same atoms at the same time.
391
The process of relabeling is shown in Figure 7 , here it is possible to see only when a peaks occurs.
415
The concept of itinerary synchronization is strong for quasi-symmetrical sys- 
for all initial conditions X m0 and X s0 in the basin of attraction.
420
The idea of -itinerary synchronization is that the systems are itinerary The multistability phenomenon is given by considering that the scroll degree 
434
The inner linking matrix Γ = diag{1, 1, 1} yields the scroll-degree determined
435
by the master system in the slave system even if the scroll degree of the mas-
436
ter system is greater than the scroll-degree of the slave system. For example,
437
suppose that the master's scroll-degree is η m = 8 and the slave's scroll-degree 438 is η s = 3. Now the signal for the master system is (12) and for the slave sys-439 tem is (11). We take the inner coupling matrix to be Γ = diag{1, 1, 1} and by (12) and (11), respectively, with Γ = diag{1, 1, 1} and linear operator A given 457 by (6). As the coupling strength c tends to infinity then the master-slave system 458 presents synchronization.
459
Proof. The master slave system is given by
Defining the error between the master and slave systems as e = X m − X s =
461
(e x1 , e x2 , e x3 ) T , where e x1 = x m1 − x s1 , e x2 = x m2 − x s2 and e x3 = x m3 − x s3 .
462
Thus the error system is given by
So the error system is given by 464ė x1 = −ce x1 + e x2 , e x2 = −ce x2 + e x3 , e x3 = −α 31 e x1 − α 32 e x2 − (α 33 + c)e x3 − (β m − β s ),
where β m and β s take values of the third entry of the vectors B j , with j = 3, 4, 5, 6, 7, 8, 9, 10 and B j , with j = 8, 9, 10, respectively. Solving for the equilibrium point we find e x1 = (β m − β s )/(−α 31 − α 32 − (α 33 + c)c
2 ).
As (β m − β s ) is bounded e x1 tends to zero when c tends to infinity. If e x1 465 tends to zero then e x2 and e x3 also tend to zero. Therefore, the error system 477 [20] . Each node is labeled by an index i = 1, . . . , N and described by a first 480 ordinary differential equation system of the formẊ i (t) = f i (X i (t)), where 
where c is the uniform coupling strength between the nodes and the inner 487 linking matrix Γ = diag{r 1 , . . . , r n } ∈ R n×n is described in (8) . The matrix Kronecker product as follows:
where
R N n ; and ⊗ denotes the Kronecker product of matrices.
502
For the dynamical network (20) We study the collective dynamics of N coupled quasi-symmetrical η-PWL sys-508 tems which are connected by unidirectional links in a ring topology, i.e., a 509 network composed of an ensemble of master-slave systems coupled in a cascade 510 configuration topology. In this context, a system defined in the node i is a slave 511 system of a system defined in the node i − 1, and also plays the role of a master 512 system for a system defined in the node i + 1. Figure 13 with such attributes is described by the following state equations:
where 
Note that (22) corresponds to a dynamical network with a configuration 524 topology given by the coupling matrix ∆ = {∆ ij } ∈ R N ×N . In particular, for a 525 ring topology (Figure 13 ), the equation (22) becomes the equation (21).
526
We first study the collective behavior of a nearly identical network (22) 527 assuming that the coupling matrix corresponds to a network with a ring topology where the leading node has the maximum or the minimum scroll-degree. 
540
Since the dynamics of a single node is governed by an UDS system plus a 541 coupling signal which comes from only one node of the network, we know that 542 the linear operator is diagonalizable i.e. exist a matrix Q ∈ R 3×3 such that
. So the node's dynamics is given by
T , for i = 1, . . . , N and consider that if n = 1 then 
where f 1 = cx (i−1)1 , f 2 = cx (i−1)2 , and f 3 = cx (i−1)3 are external signal of the 551 i-node that come from (i − 1)-node. So the system (24) is given as follows:
where z i (0) is the initial condition of the i-th node in the new state variable.
558
The first term of the right hand side of the equation (26) converges to zero when and Γ = diag{1, 1, 1}; the scroll-degree and initial condition for each node are given in Table ( t → ∞. So the node's dynamics is given as follows
The dynamics of i−node is determined by the (i − 1)-node, so the collective the different node states commute from one atom P i to other P j presenting the 564 same constant vector (k 1 , k 2 , k 3 ) T .
565 es described in (22) and coupled in a ring topology. We assume that each 568 node's dynamic is described by the same linear operator A (i.e they are quasi-569 symmetrical) and a subset of the set of constant vectors B = {B 1 , B 2 , . . . , B 10 } 570 which are those given by (6) . Further, for each node we select the scroll-degree 571 (η i ) and its corresponding initial condition according to Table (1) .
572
Node's label Scroll-degree Initial condition Table 1 : The scroll-degree (η i ) and its corresponding initial condition for each node in the nearly identical network coupled in a ring topology for Examples 7.2 and 7.3.
The signal for the first node with scroll-degree η 1 = 10 is given by (7) where 573 is defined the partition P = {P 1 , . . . , P 10 }; for the third and fourth nodes with 574 scroll-degree η 3 = 3 and partition P = {P 8 , . . . , P 10 }; and η 4 = 8 and partition 575 P = {P 3 , . . . , P 10 } are given by (11) and (12) respectively. For the second node 576 with scroll degree η 2 = 5 the switching signal is given as follows:
And for the fifth node with scroll degree η 5 = 6 is
The scroll-degree is determined numerically under two inner coupling ma-579 trices: Γ = diag{1, 1, 1} and Γ = diag{1, 0, 0}, and the ring topology network 580 with five nodes.
581
Example 7.2. For the nearly identical network described above, we assume 582 that the coupling strength is c = 10, the inner coupling matrix is Γ = diag{1, 1, 1}.
583
We solve numerically the nearly identical network (22) with the scroll-degree and initial condition given in Table ( 1) and using a Runge-Kutta method with 585 10,000,000 time iterations and step size h = 0.01.
586
In the first column of the Figure 14 we show the projections of the at- i.e., the first node acts as a master system on the second node which acts as 601 a slave system. These two nodes are synchronized when the difference between 602 itineraries is zero and out of synchronization otherwise. Figure 15 shows the dif- and Γ = diag{1, 0, 0}; the scroll-degree and initial condition for each node are given in Table ( After removing a node, the black node in Figure 20 (a), which we call the 654 leader node, plays the role of the master system for the rest of the nodes. The 655 second node is the slave system for the leader node, but it is also the master 656 system for the third node, and so on. The idea is to explore if such a leader 657 node governs or not the collective dynamics of the rest of the nodes. In this 658 work we assume that the scroll-degree of the master node corresponds to the first node has scroll-degree ten or three. Now we assume that after removing the link, the first node has scroll-degree 679 η 1 = 3, and the rest of the nodes have the scroll-degree and initial condition 680 given in Table (1) . As before, we select a coupling strength c = 10 and Γ = 681 diag{1, 1, 1}. In Figure 23 we observe that all the nodes reduce their scroll-682 degree to three i.e. the nodes adopt the scroll-degree of the first node, in this 
Conclusions

690
We have considered PWL systems, generated via heteroclinic orbits and whose 691 dynamics exhibits a double scroll attractor. The concept of scroll-degree has 692 been introduced to describe the number of scrolls that the PWL system dis-693 plays in its attractor. We study the dynamics of this PWL system by symbolic 694 dynamics, given by a natural partition of the state space. Synchronization 695 phenomena has been studied in a master-slave system using two inner link-696 ing matrices: Γ = diag{0, 1, 0} and Γ = diag{1, 1, 1}. For both inner linking 697 matrices and the coupling strength c = 10 we found that the master-slave sys-698 tem presents itinerary synchronization when the systems are identical, and for 699 presents -itinerary synchronization when the systems are quasi-symmetrical.
701
This leads to multistability behavior if the scroll-degree of the master system is 702 less than the slave system.
703
Our numerical results show that for sufficiently large coupling strength, -704 itinerary synchronization for small is achieved for different configurations of the 705 inner coupling matrix. Furthermore, we observe in the multistability regimen 706 that if the scroll-degree of the master system is less than the slave degree, then 707 the slave system reduces its scroll-degree and, depending on its initial condition,
708
it evolves between distinct basins of attractions. On the hand, if the scroll-709 degree of the master system is greater than the slave, we observe that the slave 710 system increase its scroll-degree to be the same as the master, and -itinerary 711 synchronization is also achieved.
712
The concept of network of nearly identical nodes was introduced to character-713 ize a dynamical network composed of PWL systems with different scroll degrees.
714
We investigated the collective dynamics of an N -coupled PWL-systems with 715 different scroll-degree and connected in a master-slave scheme, that is, a unidi-716 rectional ring topology. For a network of N -coupled PWL-systems, we observe 717 that the node with the smallest scroll-degree governs the collective itinerary of 718 the network, i.e., the dominant node in a ring configuration network is that 719 with smallest scroll-degree. Furthermore, we show that the network can display 720 several behaviors depending on the inner linking matrix Γ. Next, we extend our 721 results to the case in which we remove a link from the network, transforming 722 its topology to a directed chain topology. Here we explore two scenarios: the 723 first node in the chain has the largest scroll-degree, or it has the smallest one.
724
In the first scenario, we observe that all the nodes increase their scroll-degree 
